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Aufgabe
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I Finde den minimalen Spannbaum des Graphen.
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Kruskal-Algorithmus1

Initialisierung
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zu verarbeitende Kanten, sortiert:

I w = 1: {v0, v3}, {v1, v4}, {v4, v6}, {v5, v7}
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:

I V0 = {v0}
I V1 = {v1}
I V2 = {v2}
I V3 = {v3}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
I V8 = {v8}
I V9 = {v9}

1benannt nach dessen Erfinder Joseph Bernard Kruskal, Jr. (1928–2010)
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Kruskal-Algorithmus
Schritt 1
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zu verarbeitende Kanten, sortiert:
I w = 1: {v0, v3}, {v1, v4}, {v4, v6}, {v5, v7}
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0}
I V1 = {v1}
I V2 = {v2}
I V3 = {v3}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
I V8 = {v8}
I V9 = {v9}
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Schritt 2

3

1
5

1

4
3

2

1

1

3

2

4

3

3

v0

v1

v2

v3

v4

v5

v6

v7

v8

v9

zu verarbeitende Kanten, sortiert:
I w = 1: {v1, v4}, {v4, v6}, {v5, v7}
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3}
I V1 = {v1}
I V2 = {v2}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
I V8 = {v8}
I V9 = {v9}

I V3 = {v3}
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Schritt 3
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zu verarbeitende Kanten, sortiert:
I w = 1: {v4, v6}, {v5, v7}
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3}
I V1 = {v1, v4}
I V2 = {v2}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
I V8 = {v8}
I V9 = {v9}

I V3 = {v3}
I V4 = {v4}
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Schritt 4
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zu verarbeitende Kanten, sortiert:
I w = 1: {v5, v7}
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3}
I V1 = {v1, v4, v6}
I V2 = {v2}
I V5 = {v5}
I V7 = {v7}
I V8 = {v8}
I V9 = {v9}

I V3 = {v3}
I V4 = {v4}
I V6 = {v6}
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Schritt 5
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: {v3, v5}, {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3}
I V1 = {v1, v4, v6}
I V2 = {v2}
I V5 = {v5, v7}
I V8 = {v8}
I V9 = {v9}

I V3 = {v3}
I V4 = {v4}
I V6 = {v6}
I V7 = {v7}
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Schritt 6
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: {v6, v8}
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3, v5, v7}
I V1 = {v1, v4, v6}
I V2 = {v2}
I V8 = {v8}
I V9 = {v9}

I V3 = {v3}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
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Schritt 7
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: {v0, v1}, {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v3, v5, v7}
I V1 = {v1, v4, v6, v8}
I V2 = {v2}
I V9 = {v9}

I V3 = {v3}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V7 = {v7}
I V8 = {v8}
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Schritt 8
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: {v2, v9}, {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V2 = {v2}
I V9 = {v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
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Schritt 9
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: {v5, v9}, {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V2 = {v2, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
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Schritt 10
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: {v7, v9}, {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Schritt 11

3

1
5

1

4
3

2

1

1
3

2

4

3

3

v0

v1

v2

v3

v4

v5

v6

v7

v8

v9

zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: {v8, v9}
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Schritt 12
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: ∅
I w = 4: {v2, v5}, {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Schritt 13
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: ∅
I w = 4: {v6, v9}
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Schritt 14
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: ∅
I w = 4: ∅
I w = 5: {v0, v2}

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Kruskal-Algorithmus
Ergebnis
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zu verarbeitende Kanten, sortiert:
I w = 1: ∅
I w = 2: ∅
I w = 3: ∅
I w = 4: ∅
I w = 5: ∅

Knotenmengen
zur Zykluserkennung:
I V0 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

I V3 = {v3}
I V1 = {v0, v1, v3, v4, v5, v6, v7, v8}
I V4 = {v4}
I V5 = {v5}
I V6 = {v6}
I V2 =

{v0, v1, v2, v3, v4, v5, v6, v7, v8, v9}

Prof. Dr. Tom Vierjahn
SS 2020 – GIP2: Ausgewählte Algorithmen auf Graphen — Kruskal-Algorithmus — LMOU — Dateiversion 29. Mai 2020, 10:37 — Seite

18 17 / 20



Kruskal-Algorithmus1

Finde den minimalen Spannbaum des Graphen.

Initialisierung:
I Sortiere Kanten nach Gewicht.

Für jede noch zu betrachtende Kante (in der Reihenfolge d. Gewichts):
I Prüfe, ob die Kante einen Zyklus schließt.
I Falls nicht, füge sie in minimalen Spannbaum ein.
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Zusammenfassung

I Kruskal-Algorithmus am Beispiel eines ungerichteten, kantengewichteten Graphen
I Minimaler Spannbaum
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Prof. Dr. Tom Vierjahn
I E-Mail: tom.vierjahn@w-hs.de

Visual Computing
I Web: https://vc.w-hs.de

I YouTube: Visual Computing WH
I Twitter: @VisComputingWH

Westfälische Hochschule
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Campus Bocholt
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